Introduction
This paper reports on joint work with E. Urban that completes 1 a proof of the Main Conjecture of Iwasawa Theory for a broad class of elliptic curves and modular forms. As such, it is concerned mainly with special values of L-functions of modular forms and the ways which they get packaged together (such as in p-adic L-functions).
Roughly speaking, for an elliptic curve E over Q with ordinary reduction at a prime p this Main Conjecture avers the equality of the characteristic ideal of the Selmer group of E over the field Q ∞ -the unique Galois extension of Q with Γ = Gal (Q ∞ /Q) ∼ = Z p -and the ideal generated by the p-adic L-function of the elliptic curve, the equality being of ideals belonging to the completed group ring Z p [[Γ] ]. (Precise statements can be found in §3 below.) Great progress towards this conjecture was made by K. Kato [K] who essentially proved that the characteristic ideal divides the p-adic L-function. In our work we prove the opposite divisibility in many cases. More precisely, we prove such a divisibility with Q replaced by an auxiliary imaginary quadratic field K (see Theorem 3.4.2 below). In other words, we prove that the product of the p-adic L-function of E and that of its K-twist E K divides the product of the characteristic ideals of the Selmer groups associated to E and E K . Combining with Kato's results permits the separation of E from E K .
The auxiliary quadratic field K appears because of the setting in which we work. Our proof follows along the lines of Wiles's proof of the Main Conjecture for totally real fields [W] . We work with Eisenstein series whose constant terms involve values of twists of the L-function of E and study congruences between these Eisenstein series and cuspforms. It turns out that the Eisenstein series most amenable to such a study are for a unitary group GU (2, 2), the definition of which requires the introduction of the quadratic field K.
This report and most of the results stated herein focus on the consequences of our work for the Main Conjecture for an elliptic curve E, but most of the results are valid for E replaced by any eigenform. Indeed, a technical feature of our proof is the necessity of working with eigenforms of weight greater than two. This is forced on us by the fact that weight two forms for GU (2, 2) are not cohomological and so there are not 'enough' congruences. But the missing congruences can be found by working with forms of higher weight. (This mirrors the situation for Dirichlet characters.)
While the focus of the research reported on here is GL 2 -objectsmodular forms and their L-functions -and certain of their generalizations -automorphic forms on Hermitian half-spaces -it is instructive to first consider the GL 1 -case -the case of Dirichlet characters. Results and proofs from this case inspired both the conjectures motivating our work and the methods we have employed to approach them.
Following our discussion of the GL 1 -case we recall the Iwasawa theory of elliptic curves and state our main results in this area. We then indicate the more general setting in which our proofs play out and outline the major features of our arguments.
As will often be passing between the complex and p-adic 'worlds, ' to connect what happens in them we fix some field embeddings. First, for a number field F we fix an embeddingF → C. Then we fix for each finite place v an embeddingF v → C and an embeddingF →F v such that the composition of the two is just our previous embedding ofF into C. Among other things, these choices determine for each place v of F a decomposition group D v ⊂ G F = Gal (F /F ). We let I v ⊆ D v be the inertia subgroup. We normalize class field theory so that uniformizers correspond to Frobenius elements. For a prime p we let ε p : G F → Z × p be the character giving the action of G F on all pth-power roots of unity: σ(ζ) = ζ ε(σ) . We let ω p : G F → Z × p be the Teichmüller lift of ε modulo p. Since ω p takes values in μ p−1 ⊂ Z × p , our identification of Z p with a subring of C permits ω p to be viewed as a complex-valued character of G F .
2.
The GL 1 -case 2.1. The set-up. The proto-typical special value formula is the class number formula of Dirichlet and Dedekind: Let F be a number field with ring of integers O F and let ζ F (s) be its Dedekind zeta function. Then
where h F is the class number of F , R F is the regulator of the group of units O × F , and w F is the number of roots of unity in F (the order of the torsion subgroup of the finitely-generated abelian group O × F ). Suppose now that F = Q(μ N ), the field obtained by adjoining the N th roots of unity. Then
, is an isomorphism. This isomorphism identifies characters of Δ N with Dirichlet characters of conductor N . There is then a decomposition
the right-hand side being a product of Dirichlet L-series.
Since the Galois group Δ N acts naturally on the unit group and class group of F , one is lead naturally to ask whether the decomposition in (2.1.2) is reflected in a similar refinement of the class number formula (2.1.1b). A positive answer was provided in work of Mazur and Wiles [MW] , one consequence of which is the following.
Theorem 2.1.3. Let p be an odd prime. If χ ∈ Δ N has order prime to p and is odd (i.e., χ(−1) = −1), then
where
is the ring of integers of the finite extension of Q p obtained by adjoining the values of χ, C F is the class group of F , and the superscriptχ denotes theχ-isotypical piece.
This theorem is a generalization of work of Herbrand and Ribet (cf. [R] ) that proved the equivalence of the non-triviality of the two sides of (2.1.4) when N = p. It was in the work of Ribet that a connection to modular forms was made, a connection more fully exploited in the subsequent work of Mazur and Wiles [MW] and Wiles [W] and which we now attempt to explain. To simplify notation and keep the ideas at the forefront, we consider only the case where N = p is an odd prime. Moreover, we will focus only on showing how non-triviality of the lefthand side of (2.1.4) implies non-triviality of the right-hand side, as this contains most of the salient features. We will always assume that χ is odd.
Selmer groups.
Class field theory permits the right-hand side of (2.1.4) to be interpreted as the order of a certain Galois cohomology group. Let
where Q p /Z p (χ) is the G Q -module whose underlying group is the discrete group Q p /Z p on which G Q acts via the characterχ, the arrow being the usual restriction map. This is an example of a Selmer group. Since restriction to G Q(μp) yields an identification
it easily follows that Sel p (Q, χ) is identified with the 'unramified' homorphisms, i.e., those factoring through Gal (H p /Q(μ p )) where H p is the Hilbert class field of Q (μ p ). Class field theory identifies Gal (H p /Q(μ p )) with the class group C Q (μp) . Thus Sel p (Q, χ) is identified with Hom Δp (C Q(μp) , Q p /Z p (χ)), whose order is clearly given by the right-hand side of (2.1.4).
The up-shot of this cohomological interpretation is that to prove that non-triviality of the left-hand side of (2.3) implies non-triviality of the right-hand side, one need only show that if ord p L(0, χ) > 0 then then there exists a non-split
that splits over each inertia group I ; such extensions are classified by the p-torsion of Sel p (Q, χ). In other words, one needs to find a non-split Galois representation
that splits as a representation of each I . Since modular forms are a good source for two-dimensional Galois representations, it is not unnatural that they enter the picture at this point.
Eisenstein series and Galois representations.
Since ω p factors through Δ p (in fact ω p generates Δ p ) we can view both χ and ω p as Dirichlet characters of conductor p. Bearing this in mind,
There is then a holomorphic Eisenstein series
The superscript 'p' denotes the omission of the Euler factor at p.
Then E k (χ) modulo p looks like the q-expansion of a cuspform, even an eigenform, modulo p. Assume that this can be made precise: there is an eigenform f = ∞ n=1 a n q n of weight k, level p, and character χ k , having Fourier coefficients in the ring of integers O F of some finite extension F of Q and such that
that is continuous and unramified away from p and such that (2.3.2) trace ρ f (Frob ) = a , = p.
Constructing elements in Selmer groups
where F is the residue field O F /p. Comparing (2.3.1) and (2.3.2) shows that the semi-simplification ofρ f is equivalent to the sum of two characters 1 ⊕ χ. Using the fact that ρ f is not reducible, it is easy to see that L can be chosen so thatρ
is non-split. However, since ρ f is unramified at each = p,ρ f splits as a representation of each corresponding I . Furthermore, since it follows from (2.3.1) that a p is a p-adic unit, f is a p-ordinary eigenform and so
Since χ| Ip = 1, it can be easily deduced thatρ f also splits as a representation of I p . Thenρ f ⊗χ provides the sought-for representation as in (2.2.1).
Clearly, the critical point in this proof is the existence of the eigenform f . In [R] Ribet achieves this by taking k = 2 and multiplying two suitable weight-one Eisenstein series, subtracting an appropriate multiple this product from E 2 (χ), and then appealing to a lemma of Deligne and Serre. For k sufficiently large, the existence of f can also be deduced from the geometry of the modular curve X 1 (p). Fortunately, the choice of k is immaterial if we are only trying to prove that non-triviality of the left-hand side of (2.1.4) implies non-triviality of the right-hand side:
However, at first-glance it would seem that working only with k > 1 would make it impossible to obtain the full strength of Theorem 2.1.3. This is a point where Iwasawa theory shows its power. The values
was -can all be packaged into a larger Selmer group. Working with weights k > 1, one can refine the above arguments to relate the p-adic L-function to the larger Selmer group in such a way that one can then deduce the desired equality for k = 1 (i.e., Theorem 2.1.3). We do not enter into this here, but we do define the corresponding Iwasawa-theoretic objects when we move on to discuss elliptic curves and modular forms.
The strategy again.
We recall the broad outlines of the strategy employed above to connect L-values to Selmer groups; it is the same strategy we follow in the case of elliptic curves and modular forms.
0. We start with some arithmetic object M (for 'motive') with attached L-function L(M, s) and Selmer group Sel (M ). There should be a conjectural relationship between the special value L(M, 0) and the order of Sel (M ).
ences between forms in the special representation τ (M ) and forms in cuspidal representations that are "indigenous" to H. 4. Combine the Galois representations associated to cuspidal representations of H with the congruences from step 3 to produce elements in Sel (M ).
In the case considered so far, M = χ k ε k−1 p , G = GL 1 (class field theory takes care of step 1), H = GL 2 , and τ = τ (M ) is the representation associated to E k (χ).
Iwasawa theory of elliptic curves
Our presentation of the Iwasawa Theory of elliptic curves follows that in [G1] . In particular, we replace cohomology groups over Q ∞ with G Q -cohomology of 'big' representations.
3.1. Selmer groups. Let E be an elliptic curve over Q. Let p be a prime and
, the group ofQ-points of E, the Galois group G Q acts continuously on T . (That is, continuously with respect to the pro-finite topology on G Q and the p-adic topology on T .) We denote this action by ρ.
Consider the short-exact sequence
where the third arrow is x → p n x. From the associated long-exact cohomology sequence we get an injection:
Using that
We then associate to E its (standard) p-Selmer group Sel st p (E) defined as the set of classes c ∈ H 1 (G Q , A) such that the restriction of c to H 1 (D p , A) lies in the image of the map in (3.1.2) and for each place v = p of Q the restriction to H 1 (D v , A) is trivial. This is the p-primary part of the usual Selmer group associated to E.
Suppose now that E has ordinary reduction at p (meaning either good, ordinary reduction or bad, multiplicative reduction). Then there is a
The image of (3.1.2) lies in the kernel of the natural map from H 1 (D p , A) to H 1 (I p , A/A + ), and the p-Selmer group Sel p (E) of E (which contains Sel
This definition has the benefit of being given solely in terms of the Galois representation ρ.
The definition of Sel p (E) can be generalized in many ways. For example, given a finite set Σ of primes different from p we define Sel p,Σ (E) and Sel Σ p (E) just as we did Sel p (E), but with H 1 (D w , A) replaced by H 1 (I w , A) and 0, respectively, for each w ∈ Σ. Then we have
. For another example, let ψ : G Q →Q × be a finite character. Let O be the ring of integers of the finite extension of Q p obtained by adjoining the values of ψ. We define Sel p (E, ψ), Sel p,Σ (E, ψ), and Sel Σ p (E, ψ) just as we did Sel p (E), etc., only we replace T, T + , A, A + with T ψ , T + ψ , A ψ , A + ψ , where the latter are defined by T ψ = T ⊗ Zp O, etc., and letting G Q act on T ψ by ρ ⊗ ψ.
L-values.
Still letting E be an elliptic curve over Q, recall that E has an associated L-function:
Here s is a complex variable, is any prime different from , V = T E ⊗ Z Q , and V ,I is the maximalQ -subquotient of V on which I acts trivially. While this product only converges absolutely for s in the half-plane Re (s) > 3/2, it is now known that L(E, s) has an analytic continuation to a holomorphic function on the entire complex plane. Letting ψ : G Q →Q × be a finite character, we define L(E, ψ, s) just as we did L(E, s) but with V replaced with V ⊗ ψ (meaning that the Galois action is twisted by ψ). This, too, has an analytic continuation to the whole complex plane. Given a finite set Σ of primes of Q we define L Σ (E, s) and L Σ (E, ψ, s) by dropping the factors at the primes in Σ. Clearly these also have analytic continuations to all of C.
The celebrated conjectures of Birch-Swinnerton-Dyer and BlochKato lead one to connect values of L Σ (E, ψ, s) to the orders of the Selmer groups Sel Σ p (E, ψ) as follows. Let Ω E be the canonical period of E. Let N E be the conductor of E and for each prime |N E let c be the p-part of the Tamagawa number at . Put c E = c . Let N ψ be the conductor of ψ, let n ψ = ord p (N ψ ), and let τ (ψ −1 ) be the Gauss sum associated to ψ −1 . Let α be the unit root of x 2 − a p (E)x + p = 0 if E has good reduction at p and otherwise let α = a p (E). Let
where (3.2.1)
Let L Σ alg (E, ψ, 1) be defined similarly. Of course, if ψ is trivial, then we drop it from the notation. It is known that if p > 2, if E[p] is an absolutely irreducible F p -representation of G Q , and if ψ has odd order, then
is an absolutely irreducible F prepresentation of G Q . Suppose also that p > 2 and ψ has odd order. Let Σ be a finite collection of primes different from p and containing all such that divide 
3.3. Main Conjectures. Let Q ∞ /Q be the unique Z p -extension of Q. That is, Γ = Gal (Q ∞ /Q) ∼ = Z p . Let γ ∈ Γ be a fixed topological generator. Given a pth-power root of unity ζ, we let ψ ζ : G Q →Q × be the finite order character defined by composing the canonical projection G Q Γ with the finite-order character Γ →Q × that sends γ to ζ.
. This is a complete, local Noetherian Z p -algebra with residue field F p . In fact Λ ∼ = Z p [[X]], via γ → 1 + X, so Λ is a regular ring. Let Ψ : G Q → Λ × be the canonical projection onto Γ. Then for a pth-power root of unity ζ, Ψ mod (γ − ζ) = ψ ζ . Let Λ ∨ = Hom cts (Λ, Q p /Z p ), where the subscript 'cts' denotes continuous homomorphisms. This is a discrete Λ-module, the Λ-action being given by (λf )(x) = f (λx) for λ ∈ Λ and f ∈ Λ ∨ . We let G Q act on it through the character Ψ.
Returning to the setup of Section 1, we let M = M E = T ⊗ Zp Λ ∨ and let G Q act on this via ρ ⊗ Ψ. Similarly we let M + = T + ⊗ Zp Λ ∨ . These are discrete Galois modules, and so we can speak of their Galois cohomology. Note that M is 'built from' all the modules A ψ ζ :
We attach Selmer groups to the pair M, M + just as we did for A ψ , A + ψ . For any finite set Σ of primes different from p let
The relation (3.3.1) suggests these Selmer groups should be connected to those of §3.1. This is the content of the next proposition.
Proposition 3.3.2. Suppose E has ordinary reduction at p and E[p] is an absolutely irreducible F p -representation of G Q . Suppose also that Σ contains all primes different from p that divide N E , the conductor of E. For a pth-power root of unity ζ,
to prove that S Σ (M ) is in fact a finite Λ-module. In particular, under the hypotheses of Proposition 3.3.2 and whenever the conclusion of that proposition holds,
Since S Σ (M ) is a finite Λ-module, the structure theory of such modules (finite Z p [[X]]-modules) tells us that there is a quasi-isomorphism
('Quasi-isomorphism' means finite-order kernel and cokernel.) We define the Λ-characteristic ideal I Σ E of S Σ (M ) to be the ideal generated by f Σ E = f 1 · · · f m . The Main Conjecture of Iwasawa Theory of elliptic curves identifies a specific generator of I Σ E which is connected to Lvalues. We motivate this by assuming that the map in (3.3.4) is an injection. Then, if φ ζ : Λ Z p [ζ] is the map defined by 1 + X → ζ, ζ a pth-power roof of unity, 
. Such an L is provided by the MazurSwinnerton-Dyer p-adic L-function for E. Proposition 3.3.5 ( [MSD] , [GV] ). Suppose E is an elliptic curve over Q with ordinary reduction at p. Let Σ be any finite collection of primes different from p. There is an element L Σ E ∈ Λ ⊗ Zp Q p such that for any pth-power root of unity ζ
We can now state a version of the Main Conjecture for E.
Conjecture 3.3.6 (The Main Conjecture for Elliptic Curves). Suppose E is an elliptic curve over Q with ordinary reduction at
Remark 3.3.7. It is conjectured that L Σ E is always in Λ, so in effect Conjecture 3.3.6 asserts that I Σ E is generated by L Σ E . 3.4. Some theorems. About ten years ago, K. Kato made great progress towards a proof of Conjecture 3.3.6. Using a construction of Beilinson, K-theory of modular curves, and the theory of Euler systems as developed by Kolyvagin and Rubin, he essentially proved half of the conjecture.
Theorem 3.4.1 (Kato [K] ). Suppose E is an elliptic curve over Q with ordinary reduction at an odd prime p. Let Σ be a finite set of primes different from p.
(
If E has good reduction at p and the representation
This main ideas of [K] are nicely exposed in [C] , [S] , and [Ru] .
Recently, in joint work with E. Urban, we have proven the opposite inclusion for many E's. In doing so we follow a method that originates in Ribet's proof of the converse of Herbrand's Theorem [R] but which was developed more fully in Wiles's proof of the Main Conjecture of Iwasawa Theory for totally real fields [W] . Roughly speaking, it combines the connection of L-values to congruences between Eisenstein series and cuspforms with the Galois representations associated to cuspforms to construct large subgroups of Sel Σ (M ). In our work the Eisenstein series and cuspforms are for the unitary groups GU (2, 2). Here I state one consequence of our results.
Theorem 3.4.2 (Skinner-Urban [SU1])
. Suppose E is an elliptic curve over Q with ordinary reduction at an odd prime p. Let K be an imaginary quadratic field in which p splits. Let E K be the K-twist of E. Let Σ be any finite set of primes different from E and containing all such that divide N E or the discriminant of K. Suppose further that
As mentioned in the footnote in the introduction, this theorem is conditional in the following sense: our proof relies on a hypothesis that amounts to the existence of particular Galois representations associated to certain cuspforms on GU (2, 2). Recent work on the trace formula, particularly the so-called fundamental lemma, goes a long way towards establishing this hypothesis. See Remark 4.1.7 below for discussion of this point. Combining these two theorems yields many instances of the Main Conjecture for elliptic curves. As an example of an easy-to-state consequence, we record the following.
Theorem 3.4.4. Suppose E is a semistable elliptic curve over Q and p is an odd prime at which E has good, ordinary reduction and for which E[p] is an irreducible representation of G Q . Let Σ be any finite set of primes different from p.
( (E, s) is odd, the conclusion of part (v) follows from Nekovář's work on the parity conjecture [N] as well as from [SU2] .
Eisenstein ideals for GU (2, 2) and Selmer groups for GL 2
4.1. The general set-up. We now replace the elliptic curve of §3 with a general eigenform f ∈ S k (N, χ) of level N , weight k ≥ 2, and character χ. Let f = ∞ n=1 a n q n be the Fourier expansion of f . We assume f is normalized so that a 1 = 1. We fix an odd prime p and assume that (ord) p|N and |a p | p = 1.
(That is, f is ordinary at p and even p-stabilized.) Write N = N 0 p r , p||N 0 , and write χ = χ 0 ψω 2−k p with the conductor of χ 0 dividing N 0 and ψ of p-power order and of conductor p r+1 .
The form f is the specialization of an R-eigenform F for some integral domain R that is a finite
], A 1 = 1, such that if φ : R →Q p is any Z palgebra homomorphism such that φ(1 + X) = ζ(1 + p) m−2 , m ≥ 2 and ζ a p r th root of unity, then φ(F) = ∞ n=1 φ(A n )q n is the Fourier expansion of an eigenform of level N 0 p r , weight m, and character χ 0 ψ ζ ω 2−m p , and f = φ(F) for some such φ.
Let X be the set of Z p -homorphisms φ : R →Q p such that φ(1 + X) = ζ(1 + p) m−2 for some m ≥ 2 and some pth-power root of unity ζ. For each φ ∈ X let O φ = φ(R) and let F φ be its field of fractions. Let ρ φ : G Q → GL 2 (F φ ) be the usual p-adic representation associated to the eigenform φ(F). It is well-known that ρ φ stablizes a rank two O φ -lattice. Letρ be the absolute semi-simplification of the representation of G Q on the reduction of such a lattice modulo the maximal ideal of O φ . Up to isomorphism, this is independent of φ. (If f is the p-stabilized eigenform associated to an elliptic curve E, thenρ is the absolute semisimplification of the G Q -representation on E[p]). To simplify matters we will assume that (irr)ρ is irreducible.
We will also assume that for some σ 0 ∈ D p (dist)ρ(σ 0 ) has distinct eigenvalues.
One consequence of (irr) is that there is a continuous representation ρ F : G Q → GL 2 (R) such that composition with φ ∈ X yields ρ φ . A consequence of (ord) and (dist) is that
Now let K be an imaginary quadratic field in which p splits. Let
p . Let c denote the non-trivial element in Gal (K/Q). Then c acts on H by conjugation, and we have H = H + ⊕ H − , with c acting on
Given a pair of pth-power roots of unity ζ = (ζ − , ζ + ), let ψ ζ : G K →Q × be the finite order character obtained by composing the projection G K H with the character H →Q × sending γ ± to ζ ± .
We associate a Selmer group Sel Σ (φ, ζ) to each φ ∈ X , each character ψ ζ , and each finite set Σ of finite places of K not dividing p. This is defined essentially just as we defined Sel Σ p (E, ψ) in §3.1. We leave the details to the assiduous readers; the definition is also easily extracted from the next paragraph.
and let B ∨ = Hom cts (B, Q p /Z p ). Let T be the rank two free R-module underlying ρ F and let T + ⊂ T be the rank one R-summand on which D p acts via the character Ψ 1 in (4.1.1).
These Selmer groups can be related to the others. Given φ ∈ X and ζ = (ζ − , ζ + ), let τ = τ (φ, ζ) : B →Q p be the unique Z p -homomorphism agreeing with φ on R and sending γ ± to ζ ± . Let p τ be the kernel of τ .
Proposition 4.1.2. Suppose p is an odd prime and assume that (ord), (irr), and (dist) hold. Suppose Σ is a finite set of finite places of K not dividing p that contains all such that divide N 0 .
] be the unique map that agrees with φ on R and sends S to 0. Let p η be the kernel of η. If cΣ = Σ and Σ also contains all the ramified places of K, then
where the superscript ± denotes the ±1-eigenspace for the action on Sel Σ (M) of the non-trivial automorphism c ∈ Gal (K/Q).
. This is a finite B-module.
Since B is a Krull-domain we can associate to
where P runs over the height one primes of B and P (·) denotes the B P -length. Then the general Main Conjecture for Sel Σ (M) identifies S Σ (M) with the divisor of some p-adic L-function. In particular, it is known that -at least under the hypothesis (ord) -there exists an
where a(φ, ζ) is an interpolation factor that is essentially period × Gauss sum × factor like that in (3.2.1).
The p-adic L-function L Σ F ,K is known to interpolate L-values of each φ(F) at points other than m−1, but we do not pursue that point in this paper. The important fact is that under the hypotheses of Proposition 4.1.2(ii)
We can formulate a Main Conjecture in the spirit of Conjecture 3.3.6.
. Among the results we prove in the direction of this conjecture is the following theorem.
Theorem 4.1.6 ). Suppose p is an odd prime and assume (ord) and (irr) hold. Suppose also that (a) χ 0 = 1, (b) there exists ||N 0 , = p and unramified in K, such thatρ is ramified at .
Remarks 4.1.7.
(1) Theorem 3.4.2 follows from Theorem 4.1.6 and Proposition 4.1.2, essentially by a simple argument involving Fitting ideals. (2) This result and others like it can also be combined with those of Bertollini and Darmon [BD] to deduce many instances of the anticyclotomic Main Conjecture for an elliptic curve and even two-and three-variable 'main conjectures'. (3) As indicated in the footnote in the introduction, this theorem is conditional on the existence of certain p-adic Galois representations associated to certain irreducible, cuspidal automorphic representations π of GU (2, 2). In particular we need to have that if the infinity component π ∞ of π is a holomorphic discrete series (very regular weights suffice) and if for a prime p that splits in K, the p-component π p is unramified and (nearly) ordinary, then there exists a four-dimensional p-adic Galois representation ρ π :
• ρ π is unramified away from the primes dividing p, the discriminant of K, and the primes at which π is ramified; • ρ π | Dv is ordinary for each v|p (and suitably compatible with π p ); • for all but finitely many unramified degree one primes w of K, the local L-function L(ρ π | Dw , s) is a shift (depending on the weight of π) of the local L-factor at w of the standard L-function of π.
The existence of these ρ π 's has long been conjectured; however, it is not completely known. Recent progress on the trace formula, especially fundamental lemmas for unitary groups, goes a long way towards establishing this existence. The existence of four-dimensional representations is complicated by the fact that the representations expected to occur in the cohomology of the Shimura variety associated to GU (2, 2) are sixdimensional (should be the ∧ 2 ρ π 's). Existence of the ρ π 's and related properties will be discussed more fully in [SU1] and its companion papers. The role such representations play in the proof of Theorem 4.1.6 is indicated in
Step 5 of §4.2. In the application it is also necessary to know that the ρ π 's that arise are irreducible; this is proved as needed.
The proof, very briefly.
The proof of Theorem 4.1.6 follows the strategy outlined in §2.5. Roughly, this plays out as follows:
Step 1. We begin by associating to each φ ∈ X and ζ an Eisenstein series E(φ, ζ) whose constant terms are multiplies of the L-values on the right-hand side of (4.1.3). This Eisenstein series is a holomorphic modular form on the Hermitian upper half-space of degree two with p-adic integral Fourier coefficients. In fact, there exists a formal q-
, with t running over a lattice of positive semi-definite Hermitian matrices in M 2 (K), such that if τ = τ (φ, ζ) then τ (E) = τ (C t )q t is the q-expansion of E(φ, ζ). Moreover, each of the 'singular' fourier coefficients C t (i.e., det(t) = 0) is a multiple of L Σ F ,K . The existence of E and the integrality of the E(φ, ζ)'s follow from the 'pull-back' formulas of Shimura and from the hypothesis (ord), (irr). (The choices we make also ensure that E is p-ordinary.)
Step 2. Next we prove that for some pair φ, ζ, some Fourier coefficient of E(φ, ζ) is a p-adic unit. This is done by first calculating some Fourier coefficients, which turn out to be special values of Rankin-Selberg convolution L-functions of φ(F) and four-variable theta series associated to the Hermitian matrices t. Using hypthesis (b) of Theorem 4.1.6 together with (ord) and (irr) and results of Vatsal [V] we prove that one of these L-values is a unit. It then follows that some Fourier coefficient
Step 3. Let P ⊂ B be a height-one prime and let r = ord P (L Σ F ,K ). From Step 1 and the theory of ordinary p-adic modular forms (as developed by Hida) we then show that there is a cuspform
That G P is a cuspform means that for almost all τ = τ (φ, ζ), τ (G P ) = τ (H t )q t is a cuspform on the Hermitian upper half-space of degree two. (Under our hypotheses it is possible to prove the existence of G P without recourse to the theory of Hida, but in general such a theory is probably needed, especially to deal with 'μ-invariants'.)
Step 4. We let T be the B-algebra generated by the action of the Hecke operators on a certain space of (p-ordinary) cuspforms in B[[q t ]] (this space depends on the many choices in the definition of E; it contains each G P ). This is a finite, reduced, torsion-free B-algebra. Let J Σ F ⊆ T be the ideal generated by the Hecke relations annihilating E (these are therefore related to the coefficients of F). From Step 2 and (4.2.1) we deduce that for any height one prime P of B (4.2.2)
. This is sometimes referred to as an 'Eisenstein ideal' result. The inequality (4.2.2) is easily deduced from the observation that (4.2.1) implies there is a B-algebra surjection (4.2.3)
given as follows. Let t 0 be such that C t 0 ∈ B × . Then the map (4.2.3) sends the hecke operator h ∈ T to C
Step 5. This is an involved step. Using Galois representations associated to holomorphic eigenforms for the Hermitian upper half-space of degree two we construct, for each prime P as in the statement of Theorem 4.1.6, a B-submodule S(P ) ⊆ Sel Σ (M) such that its dual S(P ) ∨ = Hom Zp (S(P ), Q p /Z p ) satisfies P (S(P ) ∨ P )) ≥ P ((T/J Σ F ) P ). Combining this with (4.2.2) then yields Theorem 4.1.6.
The spirit of this step can be sketched as follows. Let P and r be as in Step 3. If r ≥ 1, then (4.2.2) implies that there exists a finite, integrally closed extension B of B, a prime P ⊂ B extending P , and a cuspidal B -eigenform G such that the hecke eigenvalues of G are congruent modulo P to those E. To simplify notation, we will assume B = B and P = P . Let k P = B P /P B P . Then, assuming the existence of the (conjectured) four-dimensional G K -representations associated to the specializations τ (G), τ = τ (φ, ζ), and the generic irreducibility of these representations, one can deduce the existence of a representation
that is unramified away from the primes above p and the places in Σ and is such that ρ P | Dp is split but the quotient representation
is not. From the existence of ρ P it is not difficult to deduce that P (S Σ (M)) ≥ 1.
More on the Eisenstein series.
We conclude by indicating the definition of the Eisenstein series used in the above argument.
Let O K be the ring of integers of the imaginary quadratic field K. For n ≥ 1 an integer, let
and let G n be the Z-group scheme such that for any Z-algebra A G n (A) = {g ∈ GL 2n (O K ⊗ A) : gJ n tḡ = λ g J n , λ g ∈ A × }.
Then G n (R) is the group usually denoted GU (n, n). Let G + n = {g ∈ G n (R) : λ g > 0}.
Let P n be the parabolic subgroup of G n such that P n = L n R n with
its Levi component and R n its unipotent radical. We identifiy L n = Res O K /Z G m × G n−1 in the obvious way.
Let H n = {Z ∈ M n (C) : −i(Z − tZ ) > 0} be the Hermitian upper half-space of degree n. Then G + n acts on H n in the usual way: g(Z) = (AZ + B)(CZ + D) −1 , g = A B C D , A, B, C, D ∈ M n (C). Also, for g ∈ G + n (R) as above and Z ∈ H n , let j n (g, Z) = det(CZ + D).
A holomorphic automorphic form of weight k on H n with respect to a conguence subgroup Γ ∈ G n (Z) is a holomorphic function F : H n → C such that (i) F (γ(Z)) = j n (γ, Z) k F (Z) for all γ ∈ Γ and (ii) for each σ ∈ G n (Q), F | k σ = j n (σ, Z) −k F (σ(Z)) has a Fourier expansion
c σ (T )e(trace (T Z)),
with T running over a lattice in the space of positive semidefinite Hermitian matrices in M n (K) . (So F is a cuspform if c σ (T ) = 0 whenever det(T ) = 0.)
When n = 2 we drop it from our notation.
The connection to modular forms on GL 2 comes in the following way. There is an exact sequence 1 → A × → A × K × GL 2 (A) → G 1 (A) → 1, with the second arrow being the map a → (a −1 , aI 2 ) and the third being (a, A) → aA. So given our classical eigenform f we associate to it a function ϕ : GL 2 (A) → C in the usual way. Then given a Hecke character ψ of A × K such that ψ| A × = χ and ψ ∞ (z) = (z/|z|) −k , where χ is the character of f (equivalently, the central character of the automorphic representation of GL 2 (A) generated by ϕ), we can associate to ψ and ϕ a function ϕ ψ on G 1 (A): ϕ ψ (aA) = ψ(a)ϕ(A), a ∈ A × K , A ∈ GL 2 (A). Given another Hecke character τ of A × K such that τ ∞ (z) = (z/|z|) −k we associate to the triple (τ, ψ, ϕ) a function Φ = Φ τ,ψ,ϕ on L(A): Φ(x, aA) = τ (x)ψ(a)ϕ(A), (x, aA) ∈ L n (A).
Suppose now that δ = δ P is the usual modulus character of G associated to P . To define our Eisenstein series we make a choice of an an extension of Φ to G so that Φ(gw) = j(w, i) −k Φ(g), w ∈ SU + (2, 2).
Then we consider E(g, s) = E(f, τ, ψ; g, s) = γ∈P (Q)\G(Q) Φ(γg)δ(γg) (1/2+s)/3 .
From this we obtain a classical, holomorphic automorphic form on the Hermitian half-space of degree 2 by setting
That the constant terms of E(Z) involve the L-values of interest can be deduced from Langlands' general theory [L] .
